Abstract. The paper is devoted to the study of geodesic orbit Riemannian spaces that could be characterize by the property that any geodesic is an orbit of a 1-parameter group of isometries. In particular, we discuss some important totally geodesic submanifolds that inherit the property to be geodesic orbit. For a given geodesic orbit Riemannian space, we describe the structure of the nilradical and the radical of the Lie algebra of the isometry group. In the final part, we discuss some new tools to study geodesic orbit Riemannian spaces, related to compact Lie group representations with non-trivial principal isotropy algebras. We discuss also some new examples of geodesic orbit Riemannian spaces, new methods to obtain such examples, and some unsolved questions.
Introduction, notation and useful facts
All manifolds in this paper are supposed to be connected. At first, we recall and discuss important definitions. Definition 1. A Riemannian manifold (M, g) is called a manifold with homogeneous geodesics or geodesic orbit manifold (shortly, GO-manifold) if any geodesic γ of M is an orbit of a 1-parameter subgroup of the full isometry group of (M, g).
Definition 2. A Riemannian manifold (M = G/H, g)
, where H is a compact subgroup of a Lie group G and g is a G-invariant Riemannian metric, is called a space with homogeneous geodesics or geodesic orbit space (shortly, GO-space) if any geodesic γ of M is an orbit of a 1-parameter subgroup of the group G.
Hence, a Riemannian manifold (M, g) is a geodesic orbit Riemannian manifold, if it is a geodesic orbit space with respect to its full connected isometry group. This terminology was introduced in [42] by O. Kowalski and L. Vanhecke, who initiated a systematic study of such spaces.
Let (M = G/H, g) be a homogeneous Riemannian manifold. Since H is compact, there is an Ad(H)-invariant decomposition
where g = Lie(G) and h = Lie(H). The Riemannian metric g is G-invariant and is determined by an Ad(H)-invariant inner product g = (·, ·) on the space m which is identified with the tangent space T o M at the initial point o = eH. By [·, ·] we denote the Lie bracket in g, and by [·, ·] m its m-component according to (1) We recall (in the above terms) a well-known criteria of GO-space. In what follows, the latter condition in this lemma will be called the GO-property.
Lemma 1 ([42]). A homogeneous Riemannian manifold (M =
Recall that for a given X ∈ m, this means that the orbit of exp (X + Z)t ⊂ G, t ∈ R, through the point o = eH is a geodesic in (M = G/H, g). Note also that all orbits of a and in the references therein. Notice the classification of geodesic orbit spaces fibered over irreducible symmetric spaces obtained by H. Tamaru in [53] and the classification of geodesic orbit metrics on spheres in [46] . One can find also some interesting results on geodesic orbit pseudo-Riemannian manifold in [7, 23, 25] and the references therein. It should be noted that there are corresponding notions and results on geodesic orbit Finsler manifolds, see the paper [60] by Z. Yan and Sh. Deng.
The paper is organized as follows: In Section 2 we discuss on the Lie algebra level the algebraic structure of an arbitrary homogeneous Riemannian space, pointing out various possibilities to choose a reductive complement to the isotropy subalgebra in the Lie algebra of the motion group. In Section 3 we discuss totally geodesic submanifolds of geodesic orbit Riemannian spaces and their isometry groups. Section 4 is devoted to the study of the nilradical and the radical of the Lie algebra of the motion group of a geodesic orbit Riemannian space. In particular, a remarkable property of the Killing form on the nilradical of a GO-space is proved in Theorem 1, and Theorem 2 gives a natural construction of a GO-space with the radical of very special type from a given GO-space. In Section 5 we prove Theorems 3 and 4, that give a new tools to the study of GO-spaces, related to compact Lie group representations with non-trivial principal isotropy algebra (non-trivial stationary subalgebra of points in general position). Finally, in Conclusion we discuss some unsolved questions.
On the structure of homogeneous Riemannian space
We recall some well-known facts on the structure of homogeneous Riemannian spaces, see e. g. [8, 9, 21, 33, 55] . The description of possible reductive decompositions for a Riemannian homogeneous space could be helpful in various problems.
Let (G/H, ρ) be a homogeneous Riemannian manifold, where G is a connected Lie group, H is a compact subgroup in G, and ρ is a G-invariant Riemannian metric on G/H. We will suppose that G acts effectively on G/H (otherwise it is possible to factorize by U , the maximal normal subgroup of G in H).
By the symbols R(G) and N (G) we denote the radical (the largest connected solvable normal subgroup) and the largest connected nilpotent normal subgroup of the Lie group G respectively. For the Lie algebra g = Lie(G), we denote by n(g) and r(g) the nilradical and the radical of g respectively. A maximal semi-simple subalgebra of g is called a Levi factor or a Levi subalgebra. There is a semidirect decomposition g = r(g) ⋊ s, where s is an arbitrary Levi factor. The Malcev -Harish-Chandra theorem states that any two Levi factors of g are conjugate by an automorphism exp(Ad(Z)) of g, where Z is in the nilradical n(g) of g.
Using the structure of representations of Lie algebras (see e. g. Proposition 5.5.17 in [35] ), it is easy to see that r(g) = [s, r(g)] ⊕ C r(g) (s) (the direct sum of linear subspaces), where C r(g) (s) is the centralizer of s in r(g). We have [s, r(g)] ⊂ [g, r(g)] ⊂ n(g), moreover, D(r(g)) ⊂ n(g) for every derivation D of g (Theorem 2.13 and Theorem 3.7 in [30] ).
For an arbitrary Levi factor s,
Note also that any Levi factor is in n(g) ⋊ s and [g, g] = [g, r] ⋊ s for any Levi subalgebra s. If B is the Killing form of g, then (2) see e. g. Proposition 1.4.6 in [18] and Theorem 3.5 in [30] . In particular, B([g, r(g)], g) = 0.
Recall that a subalgebra k of a Lie algebra g is said to be compactly embedded in g if g admits an inner product relative to which the operators ad(X) : g → g, X ∈ k, are skew-symmetric. This condition is equivalent to the following condition: the closure of Ad G (exp(k)) in Aut(g) is compact, see e. g. [35, 58] . Note that for a compactly embedded subalgebra k, every operator ad(X) : g → g, X ∈ k, is semisimple and the spectrum of ad(X) lies in iR. A subgroup K of the Lie group G is compactly embedded if the closure of Ad G (K) in Aut(g) is compact. It is known that a connected subgroup K is compactly embedded in G if and only if k = Lie(K) is compactly embedded in g = Lie(G), and the maximal compactly embedded subgroup of a connected Lie group is closed and connected [58] . Recall also that subalgebra k of a Lie algebra g is said to be compact if it is compactly embedded in itself. It is equivalent to the fact that there is a compact Lie group with a given Lie algebra k. Clear that any compactly embedded subalgebra k of g is compact.
Lemma 2. The Killing form B of g is negative semi-definite on every compactly embedded subalgebra (in particular, on Lie algebras of compact subgroups in G) k of g. If the corresponding Lie subgroup K is the isotropy group in the isometry group G of an effective Riemannian space (G/K, ρ), then B is negative definite on k.
Proof. Indeed, there is an ad(k)-invariant inner product Q on g (by the definition of compactly embedded subalgebra), hence, every operator ad(X) : g → g is skew-symmetric with respect Q and B(X, X) is a trace of a squared skew-symmetric matrix. Hence B(X, X) ≤ 0 and B(X, X) = 0 if and only if X is in the center of g. The latter is impossible for the isotropy algebra k because G/K is assumed to be effective.
Let G/H be effective homogeneous space with compact H. Note that Ad G (H) (that will be also denoted as Ad(H)) is compact, hence fully reducible, group of automorphisms of the Lie algebra g = Lie(G). A fully reducible group of automorphisms of a Lie algebra keeps a maximal semi-simple subalgebra invariant [44] . Therefore, there is a Levi factor s of g invariant with respect Ad G (H). Then we have the following Levi decomposition:
where both r(g) and s are invariant with respect to Ad G (H). For any X ∈ h = Lie(H), there exists a unique decomposition
Therefore, we get the Lie algebra homomorphisms ϕ : h → r(g) and ψ : h → s such that ϕ(X) = X r(g) and ψ(X) = X s . Note that ϕ(h) is a Lie subalgebra of r(g) such that
, where c(h) is the center and [h, h] is a semi-simple ideal in h. Since r(g) is solvable Lie algebra, it can not contain any semisimple Lie subalgebra, hence [h, h] ⊂ Ker(ϕ) ⊂ s. In particular, ϕ(h) is an abelian Lie algebra.
It is clear that h + s = s ⊕ ϕ(h) is a reductive Lie algebra. Indeed, ϕ(h) is the center of this algebra ([ϕ(h), s ⊕ ϕ(h)] = 0), and s is semisimple.
Proof. It suffices to use [g, r(g)] ⊂ n(g).
Lemma 4. We can choose an
h 2 is central in h, the Lie algebras h 2 , ϕ(h 2 ), and ψ(h 2 ) are pairwise isomorphic, and the following decompositions hold:
Proof. The space h ∩ s is Ad(H)-invariant and (h ∩ s) ∩ Ker(ψ) = 0. Let us l be any Ad(H)-invariant complement to (h ∩ s) ⊕ Ker(ψ) in h. Then we can take
It is clear that Ker(ψ) and h 1 are ideals in h, hence h = Ker(ψ) ⊕ h 1 as Lie algebras. Obviously, the restriction of ψ to h 1 is one-to-one. Moreover, Ker(ψ) ⊂ ϕ(h) and
Note also that the Lie algebras h 1 and ψ(h) are isomorphic (under ψ).
It is clear that the subalgebra
It is clear also that h 2 , ϕ(h 2 ), and ψ(h 2 ) are pairwise isomorphic. Indeed, ψ is one-to-one even on h 1 , but if X ∈ h 2 and ϕ(X) = 0, then
Now we can describe some useful types of reductive decomposition (1), using the above constructions. The subspaces Im(ψ) = ψ(h) and Ker(ψ) = h ∩ r(g) in g are Ad(H)-invariant. Now, consider any Ad(H)-invariant complement m 1 to Ker(ψ) in r(g) and any Ad(H)-invariant complement m 2 to Im(ψ) in s. Then m := m 1 ⊕m 2 is an Ad(H)-invariant complement to h in g according to Lemma 4. Sometimes, it would be better (for some technical reasons) to deal with a case, when n(g) ⊂ m 1 . It is possible by the following reason. The Killing form B is negative on h and zero on n(g), therefore, h ∩ n(g) = 0. On the other hand, n(g) is a characteristic ideal in g, hence is invariant with respect to Ad(H). Now, we can define an Ad(H)-invariant complement u to n(g) ⊕ Ker(ψ) in r(g) and put 
Further, s + h is Ad(H)-invariant, hence, m ′ 1 has the same property. The Killing form B is negatively definite on Ker(ψ) = h ∩ r(g), therefore, m ′ 1 ∩ Ker(ψ) = 0. Now let us consider m ′′ 1 , an Ad(H)-invariant complement to m ′ 1 ⊕ Ker(ψ) in r(g). Then we can put
Example 1. It should be noted that there are reductive decompositions (1) such that n(g) ⊂ m. Let us consider the homogeneous space G/H = U (2)/S 1 = (SU (2) × S 1 )/S 1 , where the isotropy group is embedded as follows:
where the embedding of the second multiple S 1 in the product S 1 × S 1 is identical, and the embedding of the first multiple is defined by some fixed embedding i : S 1 → SU (2). Since all circles (maximal tori) in the group SU (2) are pairwise conjugate under the adjoint action of SU (2), then we get a unique homogeneous space (up to homogeneous spaces morphism) diffeomorphic to S 3 . In the Lie algebra g = su(2) ⊕ R, we choose vectors e 1 , . . . , e 4 such that e i ∈ su(2) for 1 ≤ i ≤ 3, e 4 ∈ R, h = Lie(H) = 
consider the orthogonal complement m to h in g with respect to (·, ·) α , that defines a reductive decomposition of g. The restriction (·, ·) α to m defines a normal homogeneous, hence, a geodesic orbit metric, on the space G/H = S 3 for all positive α, see a more detailed discussion e. g. in [46] . Note that n(g) = Lin{e 4 } ⊂ m for any α > 0, since (h, e 4 ) α = 0. It is clear that there are similar reductive decompositions for all compact homogeneous spaces G/H with non-semisimple groups G.
Sometimes it is reasonable to use the following Ad(H)-invariant complement to h in g:
Since B is negatively definite on h, m is a complement to h in g. Note also that n(g) ⊂ m due to (2) . Advantages of this reductive decomposition follow from the next lemma.
Then the eigenspaces of A are Ad(H)-invariant and pairwise orthogonal both respect to B and (·, ·). Moreover, there is a (possibly, non-unique) B-orthogonal and
Proof. Since the Killing form B is negatively definite on h, the first assertion is obvious. Let us prove the second assertion. Clear that the operator A is Ad(H)-equivariant and symmetric (with respect to (·, ·)), in particular, the eigenspaces of A are Ad(H)-invariant. Let A α and A β be two eigenspaces of A with the eigenvalues α = β. Consider any X ∈ A α and Y ∈ A β and suppose that β = 0. Then we have
Hence, the eigenspaces of A are pairwise orthogonal with respect to B and (·, ·). Further, one can decompose every such eigenspace into a direct (·, ·)-orthogonal sum of Ad(H)-invariant and Ad(H)-irreducible (or even ad(h)-invariant and ad(h)-irreducible) submodules. Since B is a multiple of (·, ·) on every eigenspace of A, we get the required decomposition.
It is naturally to consider the reductive complement (5) in order to study various problems related with homogeneous spaces. However, sometimes this complement is not the most helpful.
Example 2. Let us consider Ledger -Obata spaces, i. e. the spaces G/H = F m / diag(F ), m ≥ 2, where F is a connected compact simple Lie group, G = F m = F × F × · · · × F (m factors), and H = diag(F ) = {(X, X, . . . , X)|X ∈ F }. Note that for m = 2 we get irreducible symmetric spaces.
Let f be the Lie algebra of F , then g := mf and h := diag(f). There are several Ad(H)-invariant complements to h = diag(f) in g = mf. Indeed, it is easy to see that every irreducible Ad(H)-invariant module in g has the form {(α 1 X, α 2 X, . . . , α m X) ⊂ g | X ∈ f} for some fixed α i ∈ R, see details e. g. in [22] . Every such modules are pairwise isomorphic with respect to Ad(H). This allows to construct various Ad(H)-invariant complements to
The most natural complement to h in g is m defined as in (5) . It is easy to see that
where 0 is instead of k-th copy of f in mf. We can choose any of g k as a Ad(diag(F ))-invariant complement to h in g = mf. Such choice proves also that the space of invariant Riemannian metric on G/H = F m / diag(F ) could be consider as the space of Ad(diag(F ))-invariant metrics on the Lie group F m−1 . Note that the complement g m was used instead of m in [22] , that helped to classify all Einstein invariant metrics on the spaces
Finally, we describe a possible choice of a reductive complement m with using of maximal compactly embedded subalgebras in g. Now, for a compact subgroup H of the Lie group G we can choose a maximal compactly embedded subgroup K in G such that H ⊂ K, since all maximal compactly embedded subgroups of G are conjugate. Now, we can choose a Levi subalgebra s in g, which is invariant under Ad G (K). Then we get Lemma 6 (Lemma 14.3.3 in [35] ). For every maximal compactly embedded subalgebra k of g, there exists an Ad G (K)-invariant Levi decomposition g = r(g) ⋊ s with the following properties:
It is easy to see also that k ∩ r(g) is a maximal compactly embedded subalgebra in r(g), since all maximal compactly embedded subalgebras of g are conjugated in Aut(g) and r(g) is a characteristic ideal in g. See also Theorem 2 in [58] for Lie groups. Now, in order to choose an Ad(H)-invariant complement m to h in g one need to choose some Ad(H)-invariant complement m 1 to h in k, some Ad(K)-invariant complement m 2 to k ∩ s in s, and some Ad(K)-invariant complement m 3 to k ∩ r(g) in r(g), and put m := m 1 ⊕ m 2 ⊕ m 3 .
On totally geodesic submanifolds
Let us consider an effective homogeneous Riemannian space (M = G/H, ρ) with Ginvariant metric ρ and some Ad(H)-invariant decomposition g = h ⊕ m, as it is explained in the previous section. We identify elements X, Y ∈ g with Killing vector fields on M = G/H, the m with the tangent space at the point o = eH, and the metric ρ with an inner product (·, ·) on m as usual. Then the covariant derivative ∇ X Y , X, Y ∈ m, at the point o = eH is given by
where the bilinear symmetric map U : m × m → m is given by
for any X, Y, Z ∈ m, where V m is the m-part of a vector V ∈ g [17, Proposition 7.28].
We have the following important property of totally geodesic submanifolds of a geodesic orbit Riemannian manifold.
Proposition 1 ([11], Theorem 11).
Every closed totally geodesic submanifold of a Riemannian manifold with homogeneous geodesics is a manifold with homogeneous geodesics.
Note that a totally geodesic submanifold M ′ of a geodesic orbit Riemannian space M = G/H could have the isometry group that is not a subgroup of G.
Example 3. The round sphere S 2n−1 can be realized as the homogeneous Riemannian space U (2n)/U (2n − 1), but any its totally geodesic submanifold S 2n−2 admits only one connected transitive isometry group SO(2n − 1), that is not a subgroup of U (2n).
It is possible to produce various generalizations of this example. This effects explains some troubles with the study of totally geodesic submanifolds of a given geodesic orbit Riemannian space.
For a subspace p ⊂ m and U ∈ m we denote by U p the (·, ·)-orthogonal projection of U to p. The restriction of the adjoint endomorphism ad(X), X ∈ g, to a subspace p ⊂ m will be denoted by ad
Note that the property to be a totally geodesic subspace depends on a reductive decomposition (1). From (6) and (7) we easily get the following result.
Proposition 2 ([4]). Let (M = G/H, ρ) be a homogeneous Riemannian space with the reductive decomposition (1). Then a subspace p ⊂ m is totally geodesic if and only if the following two conditions hold:
1) p generates a subalgebra of the form k = h ′ ⊕ p, where h ′ is a subalgebra of h (this is equivalent to [p, p] ⊂ h ⊕ p, and h ′ could be chosen as minimal subalgebra of h, including
2) the endomorphism ad
The following result is well known. 
and the endomorphisms ad q p , ad p q are skew-symmetric with respect to (·, ·).
, where Z is as in Lemma 1. This shows that ad q X is skew-symmetric and U (q, q) ⊂ q. Now, from Lemma 7 we get Proposition 3. Let (M = G/H, ρ) be a geodesic orbit Riemannian space with the reductive decomposition (1), then the following assertions hold:
1) If a subspace p ⊂ m generates a Lie subalgebra k = h ′ ⊕ p of g, where h ′ = k ∩ h is a subalgebra of h and K ⊂ G is the corresponding subgroup, then the homogeneous space K/K ∩ H with the induced Riemannian metric is a totally geodesic submanifold of (M = G/H, ρ).
2
is the centralizer of p in h, then K/K ∩ H with the induced Riemannian metric is a geodesic orbit Riemannian space itself. In particular, any connected subgroup K ⊂ G which contains H has the totally geodesic orbit P = Ko = K/H which is a geodesic orbit Riemannian space (with respect to the induced metric).
Proof. Clear that K/K ∩ H with the induced Riemannian metric is totally geodesic in (M = G/H, ρ) by Lemma 7 and Proposition 2. Now, consider any X ∈ p. By Lemma 1 there is Z ∈ h such that ([Y + Z, X] m , Y ) = 0 for any Y ∈ m. It suffices to prove that we can choose such Z from h ′ (then we will have the following: for any X ∈ p there is Z ∈ h ′ such that ([Y + Z, X] p , Y ) = 0 for any Y ∈ p, that means the geodesic orbit property for the homogeneous space K/K ∩ H with the induced Riemannian metric).
Let C h (X) the centralizer of X in h. It is easy to see that we can take any Z + U instead of Z for any U ∈ C h (X) in Lemma 1. Since h ′ + C h (p) = h, then h ′ + C h (X) = h, hence, we may choose U ∈ C h (X) such that Z + U ∈ h ′ , that proves the second assertion.
It should be noted that the equality h ′ + C h (p) = h (see Proposition 3) is wrong in general, see Example 4 below.
Remark 3. In Proposition 3, the homogeneous space K/K ∩ H with the induced Riemannian metric is always totally geodesic submanifold of (M = G/H, ρ), hence it is a geodesic orbit Riemannian manifold by Proposition 1. But we could not point out (in general) the connected isometry group of this manifold. On the other hand, the subgroup K ′ corresponded to the subalgebra k ′ = h ⊕ p, act on this manifolds transitively (but not necessarily effectively). Hence, the space K ′ /H with the induced metric is geodesic orbit. Note also that instead of h in k ′ one can take any subalgebra h ′′ in h such that h ′ ⊂ h ′′ and 
. Note that for a general G this is not the case. 
where B is the Killing form of the Lie algebra g, under any of the following conditions:
Proof. For any V ∈ h and any U ∈ C h (p), we get
which proves the first assertion. The second assertion follows from
where U ∈ h and X, Y ∈ p.
In order to prove the third assertion point out that 
Now, we apply Proposition 3 to get one well known result (see e. g. Theorem 1.14 in [32] ).
On the other hand, the Ad(H)-invariant Lie subalgebra h + k admits an Ad(H)-invariant complement q in g. Hence, we can take m := p ⊕ q as an Ad(H)-invariant complement to h in g. It is easy to see that
Hence, it suffices to apply Proposition 3.
In general, we do not know the details of the reductive complement m in the proof of this corollary (since m depends on the subgroup K). Hence, we could not obtain general results on the isometry group G ′ with respect to which a given orbit of K is geodesic orbit space. But it is possible to get such results (using Proposition 3) for some concrete subgroups K.
It should be noted also that the space K/K ∩ H in Corollary 1 should not be a geodesic orbit Riemannian space (in this case the full isometry group is more extensive than K, since K/K ∩ H is geodesic orbit Riemannian manifold).
Example 4. Let us consider the case K = N (G). We know that n(g) ∩ h = 0, hence p = n(g). Clear that [p, p] h = 0. Hence, h ′ = 0, k = p = n(g) in terms of Proposition 3. If we suppose that C h (p) = h in order to have the equality h ′ + C h (p) = h, then N (G) with the induces Riemannian metric should be a geodesic orbit space. But it is possible if and only if all operators ad(Y )| n(g) , Y ∈ n(g), are skew-symmetric. Indeed, since the isotropy algebra assumed to be trivial, then the GO-condition (see Lemma 1) is the following: for any X, Y ∈ n(g) the equality ([X, Y ], X) = 0 holds and ad(Y )| n(g) is a skew-symmetric operator. On the other hand, all operators ad(Y )| n(g) , Y ∈ n(g), are nilpotent. Therefore, n(g) should be commutative. Hence, for any non-commutative p = n(g) ⊂ m we get
Example 5. Let us consider the weakly symmetric space G/H = Sp(n+1)U (1)/Sp(n)U (1) (diffeomorphic to the sphere S 4n+3 ). This space admits a 3-parameter family of invariant Riemannian metrics that are geodesic orbit. The subalgebra sp(n + 1) is stable under Ad G (H), hence Sp(n + 1)/Sp(n) with induced metrics is totally geodesic (in fact it coincides with the original manifolds S 4n+3 ) and hence geodesic orbit Riemannian manifolds. On the other hand, the space of Sp(n + 1)-invariant geodesic orbit metrics on Sp(n + 1)/Sp(n) is only 2-dimensional. Therefore, for a suitable choice of Sp(n + 1)U (1)-invariant metrics (in fact, for almost all such metrics) on S 4n+3 , the orbit of Sp(n + 1) through the point o = eSp(n)U (1) is not a geodesic orbit space. One can find details in [46] , see also Remark 2 in [27] .
We emphasize in particular the fact that the study of general geodesic orbit Riemannian manifolds does not reduced completely to the study of nilmanifolds and homomogeneous spaces G/H with semisimple G.
On the structure of the radical and the nilradical
Let us consider an arbitrary geodesic orbit Riemannian space (G/H, ρ) and an Ad(H)-invariant decomposition g = h ⊕ m with B(h, m) = 0, where B is the Killing form of g, and ρ generated by an inner product (·, ·) on m.
Let C g (h) be the centralizer of h in g. It is clear that C g (h) = C g (h)∩h+C g (h)∩m, where 
Let us prove the second assertion. For any Proposition 5. Under the above assumptions we get the following:
Proof. It is clear that [h, p] ⊂ [g, r(g)]. On the other hand, [h, p] ⊂ p, that proves 1).
Next, take any Y ∈ C g (h) ∩ n(g). By Lemma 8 we get that the operator ad(Y )| m is skew-symmetric, whereas [Y, h] = 0. On the other hand, Y ∈ n(g) and ad(Y ) should be nilpotent. Hence, Y is in the center of g. It is clear also that any central elements of g is situated both in n(g) and in C g (h), hence, we get 2).
Finally, from [h, q] ⊂ q ∩ [g, r(g)] we get q ⊂ C g (h). Hence, 2) implies 3). 1) The Killing form B is non-positive on any ad(h)-invariant complement p to [g, r(g)] in r(g), and B(X, X) = 0, X ∈ p, if and only if X is central in g.
2) The Killing form B is negatively definite on any ad(h)-invariant complement q to n(g) in r(g).
3) n(g) = {X ∈ g | [B(X, g) = 0} and we have the following (·, ·)-orthogonal sum: n(g) = [g, r(g)] ⊕ l, where l is a central subalgebra of g.
Proof. By 1) of Proposition 5, any ad(h)-invariant complement
. By Corollary 2, B(X, X) ≤ 0 for X ∈ p, whereas B(X, X) = 0 if and only if X is in the center of g. This proves 1).
Since the center is a subset of the nilradical, B is negatively defined on any ad(h)-invariant complement q to n(g) in r(g), that proves 2).
From this we get also n(g) = {X ∈ g | [B(X, g) = 0}, since n(g) ⊂ {X ∈ g | [B(X, g) = 0} ⊂ r(g). By 3) of Proposition 5 we get that l is a central subalgebra of g.
It is a good place to recall the structure of the nilradical in g for a geodesic orbit space (G/H, ρ). The following result was obtained by C. Gordon [ Proof. Suppose that n(g) is not commutative, i. e. [n(g), n(g)] = 0. Let a be the orthogonal complement to [n(g), n(g)] in n(g) ⊂ m. It is easy to see that for any X ∈ a the operator ad(X)| [n(g),n(g)] is skew-symmetric. Indeed, by Lemma 1, there is Z ∈ h such that 0 = ( But the subspace a generates n(g), since n(g) is nilpotent (see e. g. [18] , exercise 4 to Section 4 of Chapter I). Hence, [n(g), [n(g), n(g)]] = 0 and n(g) is two-step nilpotent.
Remark 7. From Theorem 1 and Proposition 6 we see that [g, r(g)] is either commutative or two-step nilpotent Lie algebra for any geodesic orbit space. Theorem 1.15 in [32] claims that N (G) · S acts transitively on a geodesic orbit Riemannian space (G/H, ρ), where N (G) is the largest connected nilpotent normal subgroup and S is any semisimple Levi factor in G, that equivalent to n(g) + s + h = g. Examples 6 and 7 below refute this assertion (nevertheless, it is valid for the case of naturally reductive metrics, see Theorem 3.1 in [31] ). In particular, we get n(g) = r(g) ∩ m in these examples. Proposition 8 shows the way to construct examples of such kind.
Example 6. Let us consider the standard action of the Lie algebra u(n) on R 2n (by skewsymmetric matrices), n ≥ 2. We will use the notation A(X) for the action of A ∈ u(n) on X ∈ R 2n . Note that for any X ∈ R 2n there is a non-zero A ∈ u(n) such that A(X) = 0 and A is not from su(n) (because the standard action of U (n) on S 2n−1 has the isotropy group U (n − 1) ⊂ SU (n)). Now, consider r = R 2n+1 = R 2n ⋊ z, a semidirect sum of Lie algebras, where z acts on R 2n as the center of u(n) on R 2n . This Lie algebra is solvable (but it is non nilpotent!) with the abelian nilradical R 2n . Moreover, we have also a natural action of su(n) on r = R 2n+1 : [Z, X + Y ] = Z(X) for every Z ∈ su(n), X ∈ R 2n , Y ∈ z. Hence, we get semidirect sum g = r ⋊ su(n) of Lie algebras. Note also that r could be defined as the radical of the Lie algebra R 2n ⋊ u(n) = r ⋊ su(n).
Supply r = R 2n+1 with the standard Euclidean inner product. Let us prove that G/H with the corresponding invariant Riemannian metrics, where H = SU (n), is geodesic orbit Riemannian space.
It suffices to prove that for any X ∈ R 2n and for any
and Y 1 ∈ z = R. Since su(n) and z = R act on R 2n by skew-symmetric operators, this equivalent to [Y + Z, X] = 0. If Y = 0, then we can take Z = 0. Now, suppose that Y = 0. We know that there a non-zero A ∈ u(n) such that A(X) = 0 and A ∈ su(n) for the standard action of u(n) on R 2n . Let A = Y 2 + Z, where Y 2 ∈ z = R and Z ∈ su(n). Since Y 2 = 0 we may assume (without loss of generality) that Y 2 = Y by multiplying A by a suitable constant. Hence, we have found a desirable Z ∈ su(n).
Hence, we get an example of geodesic orbit Riemannian space (G/H, µ), where n(g) = r(g) ∩ m. Now we consider another construction of geodesic orbit spaces. Let n be a two-step nilpotent Lie algebra with an inner product (·, ·). Denote by z and a the Lie subalgebra [n, n] and the (·, ·)-orthogonal complement to it in n. It is clear that z is central in n. For any Z ∈ z we consider the operator J Z : a → a defined by the formula (
The Lie algebra of the isometry group of the corresponding Lie group N with the corresponding left-invariant Riemannian metric µ is a semidirect sum of n with D(n), the algebra of skew-symmetric derivations of n, see e. g. Theorem 4.2 in [57] or [54] . Recall the following important result.
Proposition 7 (C. Gordon [32] ). (N, µ) is geodesic orbit Riemannian manifold if and only if for any X ∈ z and Y ∈ a there is
Now, suppose that D(n) = c⊕d, where c is one-dimensional central ideal in D(n). Hence we can define a solvable Lie algebra sol = n ⊕ c, that is semidirect sum ([U, X] = U (X) for X ∈ n and U ∈ c). We can extend (·, ·) to sol assuming (n, c) = 0 and choosing any inner product on c, Since [c, d] = 0, then d is an algebra of skew-symmetric derivations of sol. Proposition 8. In the above notation and assumptions, suppose that 1) for every X ∈ z and every Y ∈ a, there is
Then the Lie group Sol with a left-invariant Riemannian metric, corresponding to the metric Lie algebra (sol, (·, ·)) is a geodesic orbit Riemannian manifold.
Proof. Since d is an algebra of skew-symmetric derivations of sol, it suffices to prove the following: for any X ∈ z, Y ∈ a, and Z ∈ c there is D ∈ d such that
Since X is central in n, where
by the definition of J X , and we get the equivalent equation 0 = (J X (Y ),
Since U is arbitrary, it suffices to prove that for any X ∈ z, Y ∈ a, and Z ∈ c there is
From assumption 1) we know that there is
. This set is not trivial and is not in d by assumption 2). Now it is clear that for any W ∈ c there is V ∈ d such that V + W ∈ C(X + Y ). Indeed, such V does exists at least for one nontrivial W by assumption 2). Now, it suffices to use multiplication by a constant, because c is 1-dimensional.
For a given Z ∈ c we can choose
Example 7. Consider the 13-dimensional metric Lie algebra of Heisenberg type n, see details in [26] . In this case dim(z) = 5, dim(a) = 8, D(n) = so(5) ⊕ R. It it known that for any X ∈ z and Y ∈ a there is (a unique) [26] . In fact this is proved earlier in [48] . In [26] , a suitable D 1 is determined by a (unique) solution d of a linear system Bd = b, where B is (10 × 10)-matrix with elements that depend linearly on X and Y . It is easy to see also that the set {D ∈ D(n) | D(X) = D(Y ) = 0} is not situated in so(5) for any X ∈ z and any Y ∈ a, because any nontrivial D ∈ so(5), such that D(X) = D(Y ) = 0, is determined by a non-trivial solution d of the homogeneous linear system Bd = 0, where B is nondegenerate, that is impossible, see details in [26] . Therefore, according to Proposition 8, we get a 14-dimensional solvmanifold that is a geodesic orbit Riemannian space.
In the last part of this section we will show that every geodesic orbit Riemannian space (G/H, ρ) naturally generates another geodesic orbit Riemannian space ( G/ K, ρ), that has a remarkable property: the group N G · S acts transitively on ( G/ K, ρ), where N G is the the largest connected nilpotent normal subgroup and S is any semisimple Levi factor in G. 
Proof. Since m is an ad(h)-module, then we get the decomposition into the sum of linear 
The same is valid for the Killing form B:
In what follows we will need Proposition 10. Let G be a Lie group and K be a closed connected subgroup of G such that its Lie algebra k = Lie(K) is compactly embedded in g = Lie(G). Then the homogeneous space G/K admits a G-invariant Riemannian metric µ. If L is a maximal normal subgroup of G in K, then G/L acts transitively and effectively by isometries on (G/K, µ), and the group K/L is compact if and only if G/L is a closed subgroup in the full connected isometry group of
Proof. By the assumption and the definition of compactly embedded subalgebra, there is an inner product (·, ·) on the Lie algebra g relative to which the operators ad(X) : g → g, X ∈ k, are skew-symmetric. Equivalently, the closure of Ad G (K) in Aut(g) is a compact. Since Aut(g) carries the relative topology of GL(g), then the closure of Ad G (K) in GL(g) is a compact. By Theorem 3.16 in [21] , the space G/K admits a G-invariant Riemannian metric µ, that is a (G/L)-invariant Riemannian metric on the effective space (G/L)/(K/L). For the last assertion see e. g. Theorem 1.1 in [24] . Now we point out a closed connected subgroup K in G with the Lie algebra
Proposition 11. Let us consider the normalizer N G (h) = {a ∈ G | Ad(a)(h) ⊂ h} of h in the Lie group G. Then it is a closed subgroup in G with the Lie algebra
The same property has its unit component N G (h) 0 .
Proof. The closeness of N G (h) follows directly from its definition. Hence, N G (h) is a Lie subgroup of G. Let us show that N G (h) corresponds to the Lie subalgebra
From Lemma 8 and Proposition 11, we easily get This property is well known for weakly symmetric spaces (see e. g. Lemma 2 in [59] ) and for generalized normal homogeneous spaces (Corollary 6 in [11] ).
Let K be the unit component of N G (h) with the Lie algebra
Let L be the maximal normal subgroup of G in K. By Corollary 2, k is compactly embedded in g. By Proposition 10, the space G/K admits a G-invariant Riemannian metric and every such metric is G-invariant on the space G/ K, where
By Lemma 8, for any Y ∈ k the operator ad(Y )| m is skew-symmetric, the same we can say about ad(Y )| m . Therefore, (·, ·) 1 , the restriction of (·, ·) to m, correctly determines some Ginvariant Riemannian metric ρ on the homogeneous space G/K = G/ K. Moreover, there is a natural Riemannian submersion (generated by an orthogonal projection m → m)
Theorem 2. The homogeneous Riemannian space (G/K = G/ K, ρ) is geodesic orbits. Moreover, all Ad( K)-invariant submodules in m have dimension ≥ 2, n(g) = [ g, r(g)], and r(g) = n(g) ⊕ r(g) ∩ k , where g = Lie( G), r(g) and n(g) are the radical and the nilradical of g respectively. Consequently, the group N G · S acts transitively on ( G/ K, ρ), where N G is the largest connected nilpotent normal subgroup and S is any semisimple Levi factor in G.
Proof. Consider X ∈ m. Since (G/H, ρ) is geodesic orbit, there is Z ∈ h such that ([X + Z, Y ] m , X) = 0 for all Y ∈ m, see Lemma 1. If we consider only Y ∈ m, then we can rewrite this equality as follows:
is geodesic orbits according to Lemma 1. In fact, any geodesic in (G/K = G/ K, ρ) is a projection of some geodesic in (G/H, ρ) through submersion (8) .
It is easy to see that C g (k) ⊂ k, because even C g (h) ⊂ k. In particular, it implies that there is no 1-dimensional ad(k)-irreducible subspace in m, since every such subspace is a subset of C g (k). Applying Proposition 5 to the space (G/K = G/ K, ρ), we get n(g) = [ g, r(g)] and r(g) = n(g) ⊕ r(g) ∩ k .
Relations to representations with non-trivial principal isotropy algebras
As in the previous section, we consider an arbitrary geodesic orbit Riemannian space (G/H, ρ) and an Ad(H)-invariant decomposition g = h⊕m, where m := {X ∈ g | B(X, h) = 0}, B is the Killing form of g, and ρ generated by an inner product (·, ·) on m. Recall that the operator A is invertible on the subspace m ± := ⊕ α =0 A α , where A α is the eigenspace of the operator A with the eigenvalue α. In what follows we assume that
Proposition 12. The following assertions hold:
2) For any X ∈ A α and Y ∈ A β , where
Proof. Let us prove 1). It is easy to see that 0 = (
Since Y ∈ m is arbitrary and B is non-degenerate on m ± , we get the required assertion.
Let us prove 2). By 1), for the vector
Since A α and A β are ad(h)-invariant and
, that proves the assertion. Let us prove 3). Take any U ∈ A β , β ∈ {0, α}. Then, using 2), we get for some Z ∈ h On the other hand, if m = A α for some α > 0, then the space (G/H, ρ) is symmetric of non-compact type (see e. g. [34] ), hence, naturally reductive. Indeed, r(g) is trivial by Theorem 1 (indeed, n(g) = A 0 is trivial, hence r(g) is also trivial) and h should coincide with maximal compactly embedded subalgebra in semisimple Lie algebra g. Now, we consider the case when there are several eigenspaces of the operator A with non-zero eigenvalues. For any V ∈ g we denote the centralizer of V in h by C h (V ).
Theorem 3. For any X ∈ A α and Y ∈ A β , where 0 = α = β = 0, there are Z 1 ∈ C h (X) and
Proof. By 2) of Proposition 12, for given X ∈ A α and Y ∈ A β , there is Z ∈ h such that
From the above two equalities we get This theorem allows us to apply new tools to the study of geodesic orbit Riemannian manifolds. These tools related to the problem of classifying principal orbit types for linear actions of compact Lie groups. If a compact linear Lie group K acts on some finitedimensional vector space V (in other terms, we have a representation of a Lie group on the space V ), then almost all points of V are situated on the orbits of K, that are pairwise isomorphic as K-manifolds. Such orbits are called orbits in general position. The isotropy groups of all points on such orbits are conjugate in K, the class of these isotropy groups is called a principal isotropy group for the linear group K and the corresponding Lie algebra is called a principal isotropy algebra or a stationary subalgebra of points in general position. Roughly speaking, the principal isotropy algebra is trivial for general linear Lie groups K, but it is not the case for some special linear groups.
The classification of linear actions of simple compact connected Lie groups with nontrivial connected principal isotropy subgroups, has already been carried out in [43] , [36] , and [28] . See details in §3 of Chapter 5 in [37] . In §4 and §5 of Chapter 5 in [37] , one can find a description of more general compact connected Lie groups with non-trivial connected principal isotropy subgroups (see e. g. Theorem (V.7') in [37] ).
In 1972, A.G.Èlashvili described all stationary subalgebras of points in general position for the case in which G is simple and V is arbitrary (see [28] ) and also if G is semisimple and V is irreducible (see [29] ). According to [38] , a linear action of a semisimple group K on a finite-dimensional vector space V is said to be locally strongly effective if every simple normal subgroup of K acts nontrivially on every irreducible submodule W ⊂ V . In [38] , D.G. Il'inskii obtained a complete description of the locally strongly effective actions of a semisimple complex algebraic group K on a complex vector space V with nontrivial stationary subalgebra of points in general position. If the principal isotropy algebra of the representation χ p is trivial, then for almost all X ∈ p, the linear space C h (X) is trivial, hence Z 1 = 0 and [X, Y ] ∈ p. By continuity, [X, Y ] ∈ p holds for all X ∈ p.
Corollary 5. If, in the above notations, [A β , p] ⊂ p, then the principal isotropy algebra of the representation χ p : H → O(p) is non-trivial, hence, has dimensions ≥ 1.
Corollary 5 shows that the algebraic structure of geodesic orbit Riemannian spaces is very special. This observation could help to understand geodesic orbit Riemannian spaces on a more deep level.
Conclusion
Finally, we propose some open questions, that (at least in our opinion) are quite interesting and important for the theory of geodesic orbit Riemannian spaces. It is interesting even the case of two different eigenvalues (one of which could be zero) in this question. It should be noted that all isotropy irreducible spaces are naturally reductive and, hence, geodesic orbit.
Question 4. Classify all homogeneous spaces G/H such that all G-invariant Riemannian metrics on G/H are geodesic orbit.
Note that isotropy irreducible spaces give obvious examples of a required type. Commutative Lie groups constitute another obvious type of examples. More interesting examples are weakly symmetric spaces, see details e. g. in [5] .
